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GROUP PROPERTIES OF 2-SUBMODELS

FOR THE EVOLUTIONARY CLASS OF GAS-DYNAMIC EQUATIONS

UDC 533; 517.958E. V. Mamontov

Invariant 2-submodels (submodels with two independent variables) of the evolutionary class
are considered for the equations of gas dynamics with an equation of state of general form.
Group analysis of these submodels is performed. Allowable operators and transformations of
equivalence are indicated, and group classification is performed.

As is known, all invariant 2-submodels (submodels with two independent variables) of the equations of
gas dynamics reduce to one of the two following systems: the system of equations of the evolutionary class (E
class) or the system of equations of the stationary class (S class) [1, 2]. All such submodels are obtained for
the two-parameter subgroups corresponding to the subalgebras L2,l from Table 6 of [3] (below the numbering
from Tab. 6 is used in references to the corresponding submodel).

In the present work, the invariant submodels of the evolution class are analyzed within the frame-
work of the SUBMODEL program. The operators allowed by the system of a submodel and equivalence
transformations are indicated, and group classification is performed.

The equations of the evolutionary class (class E) are obtained from submodels 2.8, 2.9, 2.10, 2.20, 2.21,
2.22, 2.23, 2.24, 2.25, and 2.27 and have the form

Ut + UUξ + (b/R)Pξ = a1, Vt + UVξ = a2, Wt + UWξ = a3,
(1)

Rt + URξ +RUξ = Ra4, Pt + UPξ +A(R,P )Uξ = A(R,P )a4,

where b = b(t) > 0, the functions ai = ai(t, ξ, U, V,W ) are linear or quadratic functions of the variables U ,
V , and W , A = Rc2 = −RSR/SP , and the velocity of sound c = c(R,P ) is obtained from the equation of
state S = S(R,P ).

The equation for entropy S becomes St + USξ = 0.
The invariant variables ξ, U , V , W , R, and P for each submodel are described in [2]. The choice of

these variable is not unique. Thus, in submodel 2.8, instead of the functions V , W one can introduce the
functions tV and ξW . In this case, the right sides of the equations a2 and a3 become zero. This, however,
does not introduce a considerable simplification of the equations, and, therefore, in the present work, we use
the variables described in [2].

The Lie algebra operators allowed by the system are sought in the form

X = αt∂t + αξ∂ξ + αU∂U + αV ∂V + αW∂W + αR∂R + αP∂P .

All coefficients α are functions of the variables t, ξ, U , V , W , R, and P . The extended operator X̃ is written
as

X̃ = X + ζUt∂Ut + . . .+ ζRξ∂Rξ .

Lavrent’ev Institute of Hydrodynamics, Siberian Division, Russian Academy of Sciences, Novosibirsk
630090. Translated from Prikladnaya Mekhanika i Tekhnicheskaya Fizika, Vol. 42, No. 1, pp. 33–39, January–
February, 2001. Original article submitted July 6, 2000.

28 0021-8944/01/4201-0028 $25.00 c© 2001 Plenum Publishing Corporation



Here

ζUt = Dt(αU )− UtDt(αt)− UξDt(αξ), ζUξ = Dξ(αU )− UtDξ(αt)− UξDξ(αξ),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ζRt = Dt(αR)−RtDt(αt)−RξDt(αξ), ζRξ = Dξ(αR)−RtDξ(αt)−RξDξ(αξ),

where

Dt = ∂t + Ut∂U + Vt∂V +Wt∂W + Pt∂P +Rt∂R, Dξ = ∂ξ + Uξ∂U + Vξ∂V +Wξ∂W + Pξ∂P +Rξ∂R

(Dt and Dξ are full differential operators).
Let us act on system (1) by the extended operator. After substitution of the expressions for the

coefficients ζ and elimination of the derivatives Ut, Vt, Wt, Rt, and Pt, taken from system (1), we obtain five
equalities. Setting the coefficients at the quadratic terms with derivatives of Uξ, Vξ, Wξ Rξ, and Pξ equal to
zero, we obtain 2-equations, and setting the coefficients of the linear terms equal to zero, we have 1-equations.
The remaining terms lead to 0-equations.

From the 2-equations it only follows that there is x-autonomy (by the nomenclature of [4]): αξ = αξ(t, ξ)
and αt = αt(t, ξ).

From an analysis of the 1-equations it follows that

αt = αt(t), αξ = αξ(t, ξ), αU = αξt + U(αξξ − α
t
t),

αV = αV (t, ξ, V,W,R, P ), αW = αW (t, ξ, V,W,R, P ),

αR = RαPP +R(2αtt − 2αξξ + (bt/b)αt), αP = αP (t, ξ, P ), AαPPP = 0,

APα
P +ARα

R −AαPP = 0, AαVP +RαVR = 0, AαWP +RαWR = 0.

If A = 0, then αP = αP (t, ξ, P ), αV = αV (t, ξ, V,W,P ), and αW = αW (t, ξ, V,W, P ).
If A 6= 0, then αP = fP (t, ξ)P + gP (t, ξ).
Instead of the variables R and P we introduce the variables R and S, where S is any function that

satisfies the equation St + USξ = 0 (in particular, entropy). Then αVR = 0 and αWR = 0, whence αV =
αV (t, ξ, V,W, S) and αW = αW (t, ξ, V,W, S).

The 0-equations have the form

(b/R)αPξ + UαUξ − a1α
t
t + αUt + a1α

U
U − (a1tα

t + a1ξα
ξ + a1Uα

U + a1V α
V + a1Wα

W ) = 0,

αVt − a2α
t
t + UαVξ + a2α

V
V + a3α

V
W − (a2tα

t + a2ξα
ξ + a2Uα

U + a2V α
V + a2Wα

W ) = 0,

αWt − a3α
t
t + UαWξ + a2α

W
V + a3α

W
W − (a3tα

t + a3ξα
ξ + a3Uα

U + a3V α
V + a3Wα

W ) = 0, (2)

αRt −Ra4α
t
t + UαRξ +RαUξ −R(a4tα

t + a4ξα
ξ + a4Uα

U + a4V α
V + a4Wα

W ) = 0,

αPt + UαPξ −Aa4α
t
t +AαUξ −A(a4tα

t + a4ξα
ξ + a4Uα

U + a4V α
V + a4Wα

W ) = 0.

To obtain equivalence transformations, we supplement the initial system (1) with the equations At =
Aξ = AU = AV = AW = 0. The equivalence transformations operators are sought in the form

Xe = αt∂t + αξ∂ξ + αU∂U + αV ∂V + αW∂W + αR∂R + αP∂P + αA∂A.

All coefficients α are functions of the variables t, ξ, U , V , W , R, P , and A.
Let us introduce the full differential operators

De
t = ∂t + Ut∂U + Vt∂V + . . .+ (ARRt +APPt)∂A,
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De
ξ = ∂ξ + Uξ∂U + Vξ∂V + . . .+ (ARRξ +APPξ)∂A,

D̃e
t = ∂t, D̃e

ξ = ∂ξ, D̃e
U = ∂U , D̃e

V = ∂V ,

D̃e
W = ∂W , D̃e

R = ∂R +AR∂A, D̃e
P = ∂P +AP∂A.

The coefficients of the extended operator

X̃e = Xe + ζUt ∂Ut + . . .+ ζRξ∂Rξ + ζAt∂At + . . .+ ζAR∂AR

are obtained form the formulas

ζUt = De
tα

U − UtDe
t (α

t)− UξDe
t (α

ξ),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ζRξ = De
ξα

R −RtDe
ξ(α

t)−RξDe
ξ(α

ξ),

ζAt = D̃e
tα

A −ARD̃e
t (α

R)−AP D̃e
t (α

P ),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ζAP = D̃e
Pα

A −ARD̃e
P (αR)−AP D̃e

P (αP ).

Let us act on the system by the extended operator. After elimination of the derivatives Ut, Vt, Wt, Rt,
and Pt, we have 10 equalities. Setting the coefficients of the cubic terms with derivatives of Uξ, Vξ, Wξ, Rξ,
Pξ, AR, and AP equal to zero, we obtain 3-equations, and setting the coefficients of the quadratic and linear
terms to zero, we obtain 2-equations and 1-equations, respectively. The remaining terms give 0-equations.

From the 3- and 2-equations it follows that

αt = αt(t, ξ), αξ = αξ(t, ξ), αU = αU (t, ξ, U, V,W,R, P ), αV = αV (t, ξ, U, V,W,R, P ),

αW = αW (t, ξ, U, V,W,R, P ), αR = αR(t, ξ, U, V,W,R, P ),

αP = αP (t, ξ, U, V,W,R, P ), αA = αA(R,P,A).

An analysis of the 1- and 0-equations shows that

αt = αt(t), αξ = αξ(t, ξ), αU = αξt + U(αξξ − α
t
t), αV = αV (t, ξ, V,W ),

αW = αW (t, ξ, V,W ), αR = C1R+ 2R(αtt − α
ξ
ξ) +R(bt/b)αt, αP = C1P + C2, αA = C1A.

The remaining 0-equations become

αUt − a1α
t
t + UαUξ + a1α

U
U − a1tα

t − a1ξα
ξ − a1Uα

U − a1V α
V − a1Wα

W = 0,

αVt + UαVξ + a2α
V
V + a3α

V
W − a2α

t
t − a2tα

t − a2ξα
ξ − a2Uα

U − a2V α
V − a2Wα

W = 0,
(3)

αWt + UαWξ + a2α
W
V + a3α

W
W − a3α

t
t − a3tα

t − a3ξα
ξ − a3Uα

U − a3V α
V − a3Wα

W = 0,

αUξ − a4α
t
t − (a4tα

t + a4ξα
ξ + a4Uα

U + a4V α
V + a4Wα

W ) = 0.

Let us analyze the 0-equations of (2) and (3) for each submodel. To describe the results, we introduce
the operators

Z1 = ∂t, Z2 = ∂ξ, Z3 = t∂t + ξ∂ξ, Z4 = t∂t + ξ∂ξ − V ∂V , Z5 = t∂ξ + ∂U ,

Z6 = t∂t + ξ∂ξ − tW∂V , Z7 = t∂ξ + ∂U + α∂V + t∂W , Z8 = (α2 + 1)∂V + αt∂W ,
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Z9 = t2∂ξ + 2t∂U + αt∂V + (t2 − 1)∂W , Z10 = λ(V,W ) ∂V , Z∗10 = ∂V , Z∗∗10 = W∂V ,

Z11 = µ(V,W ) ∂W , Z∗11 = ∂W , Z∗∗11 = V ∂W , Z12 = f(ξW )∂V , Z∗12 = ∂V ,

Z13 = λ(tW + V,W ) ∂V , Z14 = µ(tW + V,W )(t ∂V − ∂W ), Z∗14 = t∂V − ∂W ,

Z15 = (1/t)λ(tV, tW ) ∂V , Z16 = (1/t)µ(tV, tW ) ∂W , Z17 = (1/t)λ(tV − αtW,W ) ∂V ,

Z18 = µ(tV − αtW,W )(α∂V + ∂W ), Z19 = (1/t)f(ξW ) ∂V , Z∗19 = (1/t) ∂V ,

Z20 = (1/t)f(tV, ξW ) ∂V , Z21 = t∂ξ + ∂U +
αt− βσ
t2 − στ

∂V +
βt− ατ
t2 − στ

∂W ,

Z22 =
ατ − βt
t2 − στ

∂ξ +
τ(βσ − αt)− t(ατ − βt)

(t2 − στ)2
∂U +

τ

t2 − στ
∂V −

t

t2 − στ
∂W ,

Z23 =
βσ − αt
t2 − στ

∂ξ +
σ(ατ − βt)− t(βσ − αt)

(t2 − στ)2
∂U −

t

t2 − στ
∂V +

σ

t2 − στ
∂W ,

Z24 =
βσ − αt
t2 − στ

t∂ξ −
σ(βt2 − 2ατt+ βστ)

(t2 − στ)2
∂U −

στ

t2 − στ
∂V +

σt

t2 − στ
∂W ,

Z25 =
ατ − βt
t2 − στ

t∂ξ −
τ(αt2 − 2βσt+ αστ)

(t2 − στ)2
∂U +

τ t

t2 − στ
∂V −

στ

t2 − στ
∂W ,

which belong to the kernels of the allowed groups, and the “extending” operators

Y1 = R∂R + P∂P , Y2 = ∂P , Y3 = −t∂t + U∂U − 2R∂R, Y4 = ξ∂ξ + U∂U − 2R∂R,

Y5 = ξ∂ξ + U∂U +W∂W − 2R∂R, Y6 = −t∂t + U∂U + tW∂V − 2R∂R,

Y7 = t∂t + ξ∂ξ + 2/(1 + t2)(R∂R + P∂P ), Y8 = t2∂t + tξ∂ξ + (ξ − tU)∂U − 3tP∂P − tR∂R,

Y9 = t2∂t + tξ∂ξ + (ξ − tU)∂U − t2W∂V − 3tP∂P − tR∂R,

Y10 = t2∂t + tξ∂ξ + (ξ − tU)∂U − t(V − αW )∂V − 4tP∂P − 2tR∂R,

Y11 = ∂t − (1/t)((V − αW ) ∂W +R∂R + P∂P ),

Y12 = t2∂t + tξ∂ξ + (ξ − tU) ∂U − tW∂W − 2tR∂R − 4tP∂P ,

Y13 = t2∂t + tξ∂ξ + (ξ − tU) ∂U − tV ∂V − tW∂W − 3tR∂R − 5tP∂P ,

Y14 = (t2 + 1) ∂t + tξ∂ξ + (ξ − tU) ∂U − 3tR∂R − 5tP∂P ,

Y15 = ∂t − 2t/(1 + t2)(R∂R + P∂P ), Y16 = ∂t − (1/t)(V ∂V +R∂R + P∂P ),

Y17 = ∂t − (1/t)(V ∂V +W∂W + 2R∂R + 2P∂P ), Yg = Rg′(P ) ∂R + g(P ) ∂P .

Here α, β, σ, and τ are parameters of the subalgebra series and f , g, λ, and µ are arbitrary functions.
The kernels of the allowable algebras (intersection of the algebras allowed by systems with different

functions A) are given in Table 1. It is known that the kernels contain normalizer factors, which are computed
directly from the subalgebras generating the submodel [3]. The extension of the normalizer factor in a kernel
is indicated in last column of Table 1.

For special equations of state, extensions of the kernel of the allowable algebras are possible. Tables 2
and 3 give all possible extensions (F is an arbitrary function).
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TABLE 1

Submodel Normalizer factor
Supplementary

operators

2.8 Z3, Z∗19 Z20

2.9 Z1, Z3, Z∗12 Z12

2.10 Z4, Z∗19 Z19

2.20 Z2, Z21, Z22, Z23, Z24, Z25 —

2.21 Z2, Z5 Z10, Z11

2.22 Z2, Z3, Z5, Z∗19, Z∗16, Z∗∗10 − Z∗∗11 Z15, Z16

2.23 Z2, Z7, Z8, Z9 —

2.24 Z2, Z3, Z5, αZ∗12 + Z∗11, Z∗19 Z17, Z18

2.25 Z1, Z2, Z5, Z∗12, Z∗14 Z6, Z13, Z14

2.27 Z1, Z2, Z3, Z5, Z∗10, Z∗11, Z∗∗10 − Z∗∗11 Z10, Z11

For completeness of the consideration, we give:

1) the coefficients of the submodels considered;
2) equivalence transformations for them.

Submodel 2.8

1) b = 1, a1 = W 2/ξ, a2 = −V/t, a3 = −UW/ξ, and a4 = −(1/t+ U/ξ);
2) ξ∗ = q1ξ, U∗ = q1U , W ∗ = q1W , P ∗ = q2q

2
1(P + q3), R∗ = q2R, and A∗ = q2q

2
1A.

Submodel 2.9

1) b = 1, a1 = W 2/ξ, a2 = −βW/ξ, a3 = −UW/ξ, and a4 = −U/ξ;
2) ξ∗ = q1ξ, U∗ = q1U , V ∗ = q4V + q5h(ξW, β), W ∗ = q1W , P ∗ = q2P + q3, R∗ = q−2

1 q2R, A∗ = q2A,
and β∗ = q4β (h is an arbitrary function).

Submodel 2.10

1) b = 1, a1 = W 2/ξ, a2 = W/(tξ)− V/t, a3 = −UW/ξ, and a4 = −(1/t+ U/ξ);
2) ξ∗ = q1ξ, U∗ = q1U , W ∗ = q1W , R∗ = q2R, P ∗ = q2q

2
1(P + q3), and A∗ = q2q

2
1A.

Submodel 2.20

1) b = 1 + ((βσ − αt)/(t2 − στ))2 + ((ατ − βt)/(t2 − στ))2, a1 = (2/∆)[(−(α2 + β2)t33 + αβ(σ
+τ)t2 − (2β2σ2+2α2τ2+στ(α2+β2)t+αβστ(σ+τ)))U+(αt4 − 2βσt3 + β(−β2σ + 2σ2τ + α2τ)t
+ α(β2στ − α2τ2 − σ2τ2))V + (βt4 − 2ατt3 + α(2στ2 + β2σ − α2τ)t + βσ(α2τ − β2σ − στ2))W ],
a2 = (1/∆)[((t2 − στ)(τ − σ)(ατ − βt))U − (t5 + (α2 + β2 − 2στ)t3 − αβ(3σ + τ)t2 + σ(2β2σ + στ2 + α2τ

− β2τ)t + αβστ(σ − τ))V + (τt4 + (α2τ + β2σ − 2στ2)t2 − 4αβστt + στ(στ2 + α2τ + β2σ))W ],
a3 = (1/∆)[(t2 − στ)(αt− βσ)(τ − σ)U + (σt4 + (β2σ + α2τ − 2σ2τ)t2 − 4αβστt+ στ(α2τ + σ2τ + β2σ))V
− (t5 + (α2 + β2 − 2στ)t3 − αβ(σ + 3τ)t2 + τ(2α2τ + σ2τ − α2σ + β2σ)t + αβστ(σ − τ))W ],
a4 = −2t/(t2 − στ), and ∆ = (t2 − στ)[(t2 − στ)2 + (ατ − βt)2 + (αt− βσ)2];

2) P ∗ = q1P + q2, R∗ = q1R, and A∗ = q1A.

Submodel 2.21

1) b = 1, a1 = a2 = a3 = 0, and a4 = −2t/(1 + t2);
2) P ∗ = q3P + q2, R∗ = q1q3R, and A∗ = q3A.
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TABLE 2

A
Submodel

2.8, 2.10 2.9 2.20, 2.23

PF (P R−γ) (γ − 1)Y5 + 2γY1 (γ − 1)Y5 + 2γY1 —

PF (P R−1) Y1 Y1 Y1

F (P ) Y5 Y5 —

PF (R) 2Y1 + Y5 2Y1 + Y5 —

γP Y1, Y5 Y1, Y5 —

P Y1, Y5, Y16 — —

(5/3)P Y1, Y5, Y13 — —

2P — Y1, Y5, Y12 —

3P — — —

F (R e−P ) Y5 − 2Y2 Y5 − 2Y2 —

F (R) Y2 Y2 Y2

γRγ Y2, (γ − 1)Y5 + 2γY1 Y2, (γ − 1)Y5 + 2γY1 Y2

R Y1, Y2 Y1, Y2 Y1, Y2

1 Y2, Y5 Y2, Y5 Y2

0 Y5, Yg Y5, Yg Yg

TABLE 3

A
Submodel

2.21 2.22 2.24 2.25 2.27

PF (P R−γ) (γ − 1)Y4+ (γ − 1)Y4+ (γ − 1)Y4+ (γ − 1)Y6+ (γ − 1)Y3+

+2γY1 +2γY1 +2γY1 +2γY1 +2γY1

F (P ) Y4 Y4 Y4 Y6 Y3

PF (R) 2Y1 + Y4 2Y1 + Y4 2Y1 + Y4 2Y1 + Y6 2Y1 + Y3

γP Y1, Y4 Y1, Y4 Y1, Y4 Y1, Y6 Y1, Y3

P Y1, Y4, Y7, Y15 Y1, Y4, Y17 Y1, Y4, Y11 — —

(5/3)P Y1, Y4, Y14 Y1, Y4, Y13 — — —

2P — — Y1, Y4, Y10 — —

3P — — — Y1, Y6, Y9 Y1, Y3, Y8

F (R e−P ) Y4 − 2Y2 Y4 − 2Y2 Y4 − 2Y2 Y6 − 2Y2 Y3 − 2Y2

F (R) Y2 Y2 Y2 Y2 Y2

γRγ Y2, (γ − 1)Y4+ Y2, (γ − 1)Y4+ Y2, (γ − 1)Y4+ Y2, (γ − 1)Y6+ Y2, (γ − 1)Y3+

+2γY1 +2γY1 +2γY1 +2γY1 +2γY1

R Y1, Y2 Y1, Y2 Y1, Y2 Y1, Y2 Y1, Y2

1 Y2, Y4 Y2, Y4 Y2, Y4 Y2, Y6 Y2, Y3

0 Y4, Yg Y4, Yg Y4, Yg Y6, Yg Y3, Yg
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Submodel 2.22

1) b = 1, a1 = 0, a2 = −V/t, a3 = −W/t, and a4 = −2/t;
2) ξ∗ = q1ξ, U∗ = q1U , P ∗ = q2q

2
1(P + q3), R∗ = q2R, and A∗ = q2q

2
1A.

Submodel 2.23

1) b = 1 + α2 + t2, a1 = 2(tU + αtV − (1 + α2)W )/(1 + α2 + t2), a2 = α(tU + αtV

− (1 + α2)W )/(1 + α2 + t2), a3 = ((1 + t2)U + α(1 + t2)V − α2tW )/(1 + α2 + t2), and a4 = 0;
2) P ∗ = q1P + q2, R∗ = q1R, and A∗ = q1A.

Submodel 2.24

1) b = 1, a1 = 0, a2 = −V/t+ αW/t, a3 = 0, and a4 = −1/t;
2) ξ∗ = q1ξ, U∗ = q1U , R∗ = q2R, P ∗ = q2q

2
1(P + q3), and A∗ = q2

1A.

Submodel 2.25

1) b = 1, a1 = 0, a2 = −W , and a3 = a4 = 0;
2) t∗ = q1t, U∗ = q−1

1 U , W ∗ = q−1
1 W , R∗ = (q1 + q2)R, P ∗ = q2P + q3, and A∗ = q2A.

Submodel 2.27

1) b = 1 and a1 = a2 = a3 = a4 = 0;
2) t∗ = q−1

1 t, U∗ = q1U , R∗ = q2R, P ∗ = (q2
1 + q2)P , and A∗ = (q2

1 + q2)A.
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